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Abstract
For 1 k  d, the k-th mean section body, Mk(K), of a convex body K in Rd , is the Minkowski sum of
all its sections by k-dimensional flats. We will show that, for any fixed 1 < k < d, the body K is uniquely
determined by the body Mk(K), assuming dimK  d − k + 2. This result was previously known only for
centrally symmetric bodies, or, in full generality, only for the case k = 2.
© 2011 Elsevier Inc. All rights reserved.
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1. Introduction
For a convex body K in Rd and k ∈ {1, . . . , d}, the mean section body Mk(K) was defined
in [7] as the Minkowski average of all sections of K with k-dimensional (affine) flats. In terms
of support functions, we have
h
(
Mk(K), ·
)=
∫
A(d,k)
h(K ∩ E, ·)μk(dE), (1.1)
where A(d, k) is the affine Grassmannian and μk is the motion invariant measure on A(d, k)
normalized so that the measure of all the k-flats within distance one of the origin is κd−k , the
volume of the unit ball in Rd−k .
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was shown in [7] that M1(K) is a ball whose radius is determined by the volume of K , see [4]
for an alternate proof. One of the main results in [7] states that the mean section body M2(K)
determines K uniquely (up to translations), assuming dimK = d . The translational restriction
was later removed in [3], where it was also shown that, for 3 k  d −1 and centrally symmetric
bodies K , the mean section body Mk(K) determines K , in case dimK  d − k + 2.
In the case that k = 2 and K is origin symmetric, it follows from Corollary 2 of [7] that the
support function of M2(K) is (up to a factor) the sine transform of the surface area measure of K .
This can be written in the form
h
(
M2(K),u
)= cd
∫
Sd−1
∥∥v|u⊥∥∥Sd−1(K,dv),
since the length, ‖v|u⊥‖, of the projection of v ∈ Sd−1 onto the space orthogonal to u is just the
sine of the angle between u and v. Here, and in the sequel, we denote by cd and (subsequently)
cd,k a positive number dependent only on the subscript(s). Its value may change from one line to
the next and from one formula to another. The explicit value of this variable constant can always
be calculated, but knowledge of its value does not have any significance for our discussion.
Schneider [10] showed that the above integral also arises as a certain integral of surface areas
of parallel hyperplane sections of K . Using Vi , for i = 0,1, . . . , d , to denote the i-th intrinsic
volume of a convex body in Rd (see [12], for example), Schneider’s result can be written in the
form
∞∫
−∞
Vd−2
(
K ∩ (u⊥ + tu))dt = cd
∫
Sd−1
∥∥v|u⊥∥∥Sd−1(K,dv).
This result was an extension of earlier work of Berwald [2] who established the three-dimensional
version. Further applications of the sine transform can be found in the work of Maresch and
Schuster [9]. It was shown in [7] that, if K is centrally symmetric, the support function of Mk(K)
is (up to normalization) the Radon transform Rdd+1−k,1 of the (d + 1 − k)-th projection function
of K . As observed in [3], this can be combined with results of Schneider [11], Schneider and
Weil [14] and Goodey, Schneider and Weil [6] to see that, for centrally symmetric K ,
h
(
Mk(K),u
)= cd,k
∞∫
−∞
Vd−k
(
K ∩ (u⊥ + tu))dt.
For arbitrary bodies K , the mean section bodies arise naturally in integral geometry. We men-
tion just one instance, see [15, Theorem 6.4.7] for example. The centred support function h∗(K, ·)
denotes the support function of K after the body is translated to have its Steiner point at the ori-
gin o. Then, if Gd denotes the group of rigid motions in Rd , we have
∫
h∗(K ∩ gM, ·)μ(dg) =
d∑
k=1
h∗
(
Mk(K), ·
)
Vk(M),Gd
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for all x ∈Rd and all convex bodies K ⊂Rd, μ{g: gx ∈ K} = Vd(K), the volume of K .
In general, it remained unknown whether Mk(K), for 3 k  d − 1, uniquely determines the
body K . It is the main purpose of this work to settle this uniqueness problem. Our approach here
will be to use the spherical lifting and projection operators, introduced in [5], to reduce the case
of k-dimensional sections to the case k = 2, for which uniqueness is known.
In Section 2, we collect some preliminary material including an integral formula which shows
the interplay between our mean section operation Mk and the (d+1−k)-th surface area measures
of the bodies concerned. This will be the key to the reduction argument in Section 3.
We refer the reader to [12] for all general notions from convex geometry which are used in
the following. This includes, in particular, mixed volumes, intrinsic volumes and surface area
measures.
2. Preliminaries
Let K denote the set of all convex bodies in Rd . For a polytope K ∈ K and k ∈ {1, . . . , d − 1},
it was shown in [7] that
h∗
(
Mk(K),u
)= cd,k ∑
F∈Fd+1−k(K)
γ (F,K;−u)∣∣〈F,u〉∣∣Vd+1−k(F ), (2.1)
for u in the unit sphere Sd−1. Here, Fd+1−k(K) is the set of (d + 1− k)-dimensional faces of K ,
γ (F,K;−u) is a common outer angle, |〈F,u〉| is the length of the projection of u onto the linear
space parallel to the affine hull of F . Formula (2.1) is also true for k = d and was proved in this
case in [16] (see also [13], for a shorter proof).
It follows from (2.1) that the mapping
Hk : K → h∗
(
Mk(K), ·
)
on K is homogeneous of degree d + 1 − k. For polytopes K this is immediate, for general
bodies it follows by approximation. The mapping Hk is also additive, hence it gives rise to a
Minkowski valuation ϕk : K → M∗k (K), where M∗k (K) is the centred version of Mk(K) defined
by h(M∗k (K), ·) = h∗(Mk(K), ·). In fact, from (1.1) we obtain
h∗
(
Mk(K ∪ L), ·
)+ h∗(Mk(K ∩ L), ·)= h∗(Mk(K), ·)+ h∗(Mk(L), ·),
for K,L,K ∪ L ∈ K, since K → h(K,u) is a (real-valued) valuation, for each u ∈Rd .
The following theorem will be crucial for the uniqueness result which we will prove in the
next section. It is a symmetry relation between the support function h(Mk(K), ·) of the mean
section body Mk(K) and the (d + 1 − k)-th surface area measure Sd+1−k(L, ·) of a body L ∈ K.
We obtain it as a consequence of work of Alesker, Bernig and Schuster [1] on bivaluations.
Theorem 2.1. For convex bodies K,L and k ∈ {2, . . . , d}, we have
∫
Sd−1
h
(
Mk(K),u
)
Sd+1−k(L,du) =
∫
Sd−1
h
(
Mk(L),u
)
Sd+1−k(K,du).
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V
(
M∗k (K)[1],L[d + 1 − k],Bd [k − 2]
)= V (M∗k (L)[1],K[d + 1 − k],Bd [k − 2]), (2.2)
where Bd denotes the unit ball and where we have used standard notations and proper-
ties of mixed volumes from [12]. We also replaced Mk(K),Mk(L) by the centred versions
M∗k (K),M∗k (L).
As we already mentioned, ϕk is a Minkowski valuation, homogeneous of degree d + 1 − k.
Since
h
(
M∗k (K), ·
)=
∫
A(d,k)
h∗(K ∩ E, ·)μk(dE),
we obtain, in addition, that ϕk is translation invariant, continuous and covariant with respect to
rotations ϑ ∈ SO(d). The symmetry relation (2.2) is thus a direct consequence of Corollary 7.2
in [1]. 
3. The uniqueness theorem
Theorem 3.1. For 2 k  d , a convex body K ⊂Rd of dimension dimK  d +2−k is uniquely
determined by the mean section body Mk(K).
Proof. We first show determination up to translations.
The case k = 2 was settled in [7], hence we now assume k > 2. Then, 2 d + 2 − k  d − 1.
We consider a (d + 2 − k)-dimensional convex body L. From Theorem 2.1, we obtain
∫
Sd−1
h
(
Mk(K),u
)
Sd+1−k(L,du) =
∫
Sd−1
h
(
Mk(L),u
)
Sd+1−k(K,du).
Let H be the affine hull of L (we may assume o ∈ H ). Then, almost all affine k-flats E in Rd
intersect H in a two-dimensional plane and the image of the invariant measure μk on A(d, k)
under E → E ∩ H is an invariant measure μH2 on the space A(H,2) of affine planes in H .
Therefore, we have
h
(
Mk(L),u
)=
∫
A(d,k)
h(L ∩ E,u)μk(dE) =
∫
A(H,2)
h
(
L ∩ E′, u)μH2 (dE′)
= cd,k
[
π∗H,1h
(
MH2 (L), ·
)]
(u),
where MH2 (L) is the mean section body of L of order 2 in H and π
∗
H,1 is a lifting operator
considered in [5] (and in [4] with a different notation). The operator π∗H,1 lifts support functions
of convex bodies in H to support functions of the same bodies in Rd . So, it follows from formula
(5.4) in [5] that
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∫
Sd−1
h
(
Mk(L),u
)
Sd+1−k(K,du) = cd,k
∫
Sd−1
[
π∗H,1h
(
MH2 (L), ·
)]
(u)Sd+1−k(K,du)
= cd,k
∫
Sd−1∩H
h
(
MH2 (L),u
)[
πH,1Sd+1−k(K, ·)
]
(du),
where πH,1 is the adjoint spherical projection operator.
For given K , the knowledge of Mk(K) implies the knowledge of
∫
Sd−1
h
(
Mk(K),u
)
Sd+1−k(L,du)
for all convex bodies L, in particular for all bodies L of dimension d + 2 − k. Therefore, for
every subspace H of dimension d + 2 − k, we know all integrals
∫
Sd−1∩H
h
(
MH2 (L),u
)[
πH,1Sd+1−k(K, ·)
]
(du) (3.1)
for convex bodies L ⊂ H . Since the measure πH,1Sd+1−k(K, ·) annihilates linear functions, we
may replace here h(MH2 (L), ·) by h∗(MH2 (L), ·). Using a Hahn–Banach argument, it is explained
in [8] (see the comments preceding Theorem 5.5), that, because of the uniqueness in case k = 2,
there is a continuous bijection mH2 : C∞o (Sd−1 ∩ H) → C∞o (Sd−1 ∩ H), which can be extended
to centred support functions of convex bodies in H , and satisfies mH2 h
∗(L, ·) = h∗(MH2 (L), ·)
for all convex bodies L ⊂ H ; here C∞o (Sd−1 ∩ H) denotes the space of smooth functions f on
Sd−1 ∩ H with centroid at the origin,
∫
Sd−1∩H
xf (x)dx = o.
It follows, therefore, from (3.1) that we know the integrals
∫
Sd−1∩H
f (u)
[
πH,1Sd+1−k(K, ·)
]
(du) for all f ∈ C∞o
(
Sd−1 ∩ H ).
Consequently, we know the measure πH,1Sd+1−k(K, ·) for every H ∈ G(d,d + 2 − k). It was
proved in Corollary 3.4 of [4] that Sd+1−k(K, ·) is, therefore, uniquely determined (note that the
projection operator πH considered there agrees with our operator πH,1). Finally, for a body K
with dimK  d+2−k, the surface area measure Sd+1−k(K, ·) determines K (up to translations).
We have proved that, if Mk(K1) = Mk(K2) then there is a translation t ∈ Rd such that K2 =
K1 + t , assuming K1, K2 have dimension at least d − k + 2. It is shown in Section 5 of [3] that
we would then have
Mk(K1) = Mk(K1 + t) = Mk(K1) + cd,kVd−k(K1)t.
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as required. 
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